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Water particle orbits are key elements in the Lagrange wave formulation. The stochastic
Miche implementation of the Lagrange model is a linear Gaussian 2D or 3D space-time
model which exhibit typical non-linear wave characteristics when transformed to Eulerian
coordinates. This paper investigates the statistical relation between the degree of front-
back asymmetry of individual waves on �nite depth and the orbit orientation for the
particle at the wave maximum. It is shown that in the model with statistical front-
back symmetry, for individual waves there is a clear connexion between the degree of
asymmetry and the orientation of the randomly deformed elliptic orbit: a steep front
correlates with upward tilt, a steeper back is correlated with a downward tilt. The
dependence is stronger for large amplitude waves than for smaller ones. For models
with forced front-back asymmetry there is both a systematic dependence and a statistical
correlation between asymmetry and tilt; for large amplitude waves the systematic relation
dominates. The conclusions are based on Fourier simulations of Gauss-Lagrange waves
on di�erent depths with and without forced asymmetry or Stokes drift.
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1. Introduction

The Gerstner (1809) waves, with circular particle orbits, and the Miche (1944) modi-
�cation to �nite depth and elliptic orbits, were extended to irregular, random, Lagrange
waves by Pierson (1961). The work by Cie±likiewicz & Gudmestad (1995) and Gjøsund
(2003) are early examples of systematic studies of the kinematics of such waves.
The particle orbits, and their mathematical equivalents, their velocities, have been

studied intensely in recent years. Ehrnström & Villari (2009) give an overview of some of
the mathematical aspects from a deterministic viewpoint. Pure empirical studies on orbits
in ocean waves are scarce owing to the di�culty and cost of obtaining accurate data, even
with modern technique, (Romero & Melville 2010; Fedele et al. 2013; Benetazzo et al.

2018). Most orbital studies are therefore performed in combination with experiments in
a physical or numerical wave tank.
The following studies are of high relevance for the present work. Chen et al. (2010,

2012) analyse theoretical Lagrangian models for monochromatic waves over uniform and
sloping bottoms and compare particle orbits with experimental results. Grue & Jensen
(2012) and Grue & Kolaas (2017) report particle velocities for both laboratory waves and
directional ocean waves based on (Romero & Melville 2010) and reconstruct the orbits
with respect to di�erent phases and vertical positions. Nouguier et al. (2015) and Guérin
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et al. (2019) improve on the Lagrange model for semi-regular and irregular waves with
consequences for particle orbit studies. Experimental studies by van den Bremer et al.
(2019) on monochromatic waves focus on mass transport and particle orbits at di�erent
depths near wave crests and wave troughs, respectively.
We shall investigate systematic and statistical relations between the degree of front-

back asymmetry of individual waves in space and time and the geometry of particle
orbits. From a statistical viewpoint one may call the former property an apparent (Euler)
characteristic, and the latter an intrinsic (Lagrangian) characteristic. The dominant
way to empirically describe a sea-state is by its energy spectrum, a typical Eulerian
concept. The stochastic connection with a Lagrangian description goes via hydrodynamic
equations of varying complexity. In this work we will use Gaussian stochastic models for
the Lagrangian vertical and horizontal movements and numerically transform them to an
Euler description of the water surface. The link between the two descriptions is described,
e.g., in (Lindgren & Lindgren 2011; Guérin et al. 2019). We study 2D irregular waves
developing in time and space over constant depth h.
To �nish this introduction we make a comment on the photographs taken by Wallet

& Ruellan (1950) on particle trajectories in plane water waves re�ected by a partially
absorbing barrier, reproduced in (Hutter et al. 2011, Fig. 7.8). For a monochromatic
wave without re�ection the trajectories are very regular, nearly circles at the surface
and elliptical near the bottom. With increasing moderate re�ection the re�ected wave
will interfere with the forward travelling wave with increased irregularity and orientation
as the result. In the present work we will meet an extreme case of such interference
with a continuum of interfering waves of di�erent frequencies, resulting in a statistical
distribution for the trajectories including a statistical relation with the wave asymmetry.

2. The free Gauss-Lagrange models

2.1. The basic structure

The 1st-order Gauss-Lagrange 2D wave model is de�ned by two correlated Gaussian
space-time random �elds, describing the vertical and horizontal particle positions as
function of time t and original horizontal position u along the horizontal axis. Together,
these �elds de�ne the orbital movements of the water particles. We consider here only
particles at the free surface but the model extends to general depth. Following Pierson
(1961), the energy spectrum S(ω) of the vertical �eld is called the orbital spectrum. It
is not identical to the Euler spectrum, obtained from observations of the ocean surface,
but the di�erence is of no relevance in the present work.
Representing the continuous energy spectrum by a spectrum over discrete frequencies

ωj = j∆ω and wave-numbers kj , we write the models for particles on the free surface as

Vertical position :W (u, t) =
∑
j

Aj cos(kju− ωjt− φj), (2.1)

Horizontal position : X(u, t) = u+
∑
j

Ajhj cos(kju− ωjt− φj + π/2). (2.2)

Here, hj = cosh(kjh)/ sinh(kjh) is the depth dependent amplitude gain factor, with
dispersion relation ωj =

√
gkj tanh kjh. The amplitudes Aj can be taken as deterministic,

Aj =
√

2S(ωj)∆ω, but to obtain correct variability in the simulations we must let them

be random, Aj =
√
a2j + b2j , with independent normal variables aj , bj , with mean zero

and equal variance such that A2
j has expected value 2S(ωj)∆ω. The relative phases φj



Orbit orientation in asymmetric waves 3

shall be independent and uniformly distributed in [0, 2π], and the phase shift between
vertical and horizontal movement is π/2 as in (2.2), independent of frequency.
As was shown in (Lindgren & Åberg 2009; Lindgren 2010) the Lagrange model with

constant phase shift (2.2) will produce waves which are statistically symmetric with
respect to wave front and wave back slopes. To get waves with realistic asymmetry one
can modify (2.2) and introduce a frequency dependent gain and phase shift ρj ,

Horizontal position : X(u, t) = u+
∑
j

Ajhj cos(kju− ωjt− φj + ρj). (2.2')

The exact slope distributions were also calculated in the mentioned works for the
special model hj exp(iρj) = i cosh(kjh)/ sinh(kjh)+a/ω

2
j , a choice motivated by physical

arguments. The value of the constant a > 0 will determine the degree of asymmetry.
From the pair W (u, t), X(u, t) one can implicitly de�ne a Lagrange wave L(x, t) by

L(X(u, t), t) =W (u, t), (2.3)

that is, its surface at time t at location X(u, t) is W (u, t). We call the Lagrange model
de�ned by (2.2) and constant phase shift the free Lagrange model and the one de�ned by
(2.2') the model with forced asymmetry, which will be dealt with in Section 2.4.2.

Remark 1. We deal only with the 1st-order Lagrange model. A 2nd-order model would

di�er mainly in the vertical direction, which would not change the general conclusions.

2.2. Particle orbits and wave asymmetry

The theme in this paper is the systematic and statistical relations between the degree
of front-back asymmetry of irregular random waves, and the shape and orientation of the
associated particle orbits. For that reason we make the following de�nitions of asymmetry
of individual waves, di�erent from those used by i.a. Stansell et al. (2003).
For time waves we record the free surface height variation at a �xed location, and

identify the sequence of local maxima and minima in the recording. By an individual
time wave we mean the part of the signal that lies between two successive local minima.
Its front and back slopes are de�ned as the rate of increase from the initial minimum
to the maximum and the rate of decrease from the maximum to the terminal minimum,
respectively. As measure of asymmetry we take the logarithm of the ratio between the
two. A positive skewness measure means a fast increase and slow decrease.
For 2D space waves we record the surface variation along a straight line at a �xed time.

Identifying local minima and maxima we compute front and back slopes, with the front
facing the direction towards which waves are travelling. A positive logarithmic skewness
measure means a steep front.
For orbit shape and orientation we will study the movement of the particle at the

maximum of each individual wave. We choose clockwise orientation for both time and
space wave orbits, which is consistent with the assumed main wave direction.

2.3. Method

It will be shown by simulation of equations (2.1) and (2.2,2.2') that there exists
strong relations between wave skewness and orbital orientation, both for models with
statistically symmetric waves, (2.2), and for models with forced statistical asymmetry,
(2.2'). However, as will be apparent, the relation is complex. In the free model (2.2) the
relation can be described as a statistical correlation between the degree of front-back
asymmetry of individual waves and the shape and tilt of particle orbits. Figure 1 shows
level curves for the joint density of orbit tilt and degree of wave asymmetry simulated
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Figure 1. Empirical distribution (pdf) illustrating the relation between orbit tilt and wave
asymmetry in time (left) and space (right) waves with Pierson-Moskowitz (PM) orbital spectrum
with Hs = 4m and Ts = 6s on depth 20 m. The level curves on the colour coded smoothed
histograms are chosen to enclose 10, 30, 50, 70, 90, 95 % of the data. The distributions are based
on more than 1.2 million (left) and 380 000 (right) individual waves.

from a Pierson-Moskowitz orbital spectrum. The left plot shows the strong relation to
asymmetry in time waves, measured at a �xed location, and the right plot shows the
relation to asymmetry of space waves, observed at a �xed time. Details will be given in
subsections 2.3.1 and 2.3.2.
We shall generate independent realizations of 1st order Lagrange waves along a line 0 6

x 6 U for a time span 0 6 t 6 T , in a discrete space and time grid, xn = n∆x, tm = m∆t.
In the simulation experiments we will use the routines spec2ldat in the module lagrange in
the Matlab toolbox WAFO, (WAFO-group 2017), to generate the components W (u, t)
and X(u, t) from the orbital spectrum S(ω), ω > 0, of the Gaussian process W (u, t). If
X(u, t) is a strictly increasing function of u then equation (2.3) has a unique solution
L(x, t) for t ∈ [0, T ] and x in some common (random) interval, x ∈ [xmin, xmax]. Keeping
t �xed we obtain a Lagrange space wave and keeping x = x0 �xed we obtain a time wave.
As noted already by Pierson (1961) it can happen that X(u, t) is not strictly increasing
but as shown in (Lindgren 2006, Table 1) this is an extremely rare event for water depth
of the order of the signi�cant wave height.

2.3.1. Time waves

For time waves we �x an observation point x0 ∈ [xmin, xmax], and observe the surface
variation L(x0, t) at that point, identifying all local maxima and minima in that time
series, and the corresponding front and back steepness. Simultaneously computing the
particle orbits from the model, we can �nd a pair (front-back asymmetry � orbit shape
and orientation) for each local maximum. The procedure is repeated with independent re-
alizations, and it will give an estimate of the statistical relation between wave asymmetry
and orbit orientation.
As an alternative to the min/max de�nition of a wave one can take the trough/crest

de�nition. This will lead to more chaotic orbits and less characteristic skewness measures.
The link between tilt and skewness will still be weaker but still signi�cant.
In each realization, denote the height of local maxima in L(x0, t) by Mk, k = 1, . . . , n

and their time of occurrence by t+k . Denote the height of the preceding and following
local minima by mk,mk+1 and let their time of occurrence be t−k , t

−
k+1. The wave front
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Figure 2. Time wave asymmetry and corresponding orbits in Lagrange waves with
Pierson-Moskowitz orbital spectrum, depth = 20m. (a) Waves with positive asymmetry (wave
front steeper than wave back), (b) Particle orbits for waves in (a); black dot = particle at time
of wave maximum, blue circle and red cross indicate start and end of the illustrated orbits. (c)
and (d) waves with negative asymmetry and their orbits.

and wave back steepness measures of the time wave are then de�ned as

s+k = (Mk −mk)/(t
+
k − t

−
k ) > 0,

s−k = (Mk −mk+1)/(t
+
k − t

−
k+1) < 0,

(2.4)

and the front-back asymmetry recorded in logarithmic scale as Ak = log(−s+k /s
−
k ). Waves

with positive Ak have steep rise and less steep fall, and vice versa.
To �nd the trajectory of the particle that is located at the maximum Mk we observe

that, when X(u, t) is strictly increasing, which is the case in all the examples, for each k
there is a unique origin ũk such that X(ũk, t

+
k ) = x0 and hence W (ũk, t

+
k ) = L(x0, t

+
k ).

The particle trajectory near time t+k therefore has coordinates, as a function of τ ,

Ok(τ) = {X(ũk, t
+
k + τ)− x0,W (ũk, t

+
k + τ)}. (2.5)

In the simulation, the orbit Ok(τ) is sampled at τj = j∆t, to give Ok(τj). As can be
expected, the trajectories will be quite irregular and never exactly elliptical, as is the
idealized shape, and they have no unique orientation. As a proxy, we will �t an ellipse to
the sampled trajectory in a �nite time interval, −d−k < τ < d+k , around the maximum.
A natural choice, used in the simulations, is the time interval between the two minima
closest to the maximum, i.e. d−k = t+k − t

−
k , d

+
k = t−k+1 − t

+
k , but that is by no means the

only possibility. For the �t of the proxy ellipse we will use theMatlab routine �t_ellipse

which makes a least-squares �t of data to a conic representation of an ellipse. From the
�tted ellipse we extract the tilt of the major axis, counted anticlockwise relative the
horizontal axis, i.e. a positive value means upward tilt.

2.3.2. Space waves

For space waves we can observe maxima and minima, Mk and mk, in L(x, t0) as
a function of x and denote their location by x+k , x

−
k . Wave front faces the positive x-

direction and we de�ne steepness and orbits by (cf. (2.4))

s+k = (Mk −mk+1)/(x
+
k − x

−
k+1) < 0,

s−k = (Mk −mk)/(x
+
k − x

−
k ) > 0,

(2.6)

Ok(τ) = {X(ũk, t0 + τ)− ũk,W (ũk, t0 + τ)}, −d−k 6 τ 6 d+k . (2.7)



6 G. Lindgren

-20 -10 0 10 20
-4

-2

0

2

4

w
 (

m
)

(a)

-4 -2 0 2 4
-4

-2

0

2

4

w
 (

m
)

(b)

-20 -10 0 10 20

space (m)

-4

-2

0

2

4

w
 (

m
)

(c)

-4 -2 0 2 4

x (m)

-4

-2

0

2

4

w
 (

m
)

(d)

Figure 3. Space wave asymmetry and corresponding time orbits in Lagrange waves with
Pierson-Moskowitz orbital spectrum as in �gure 2.

Waves with positive Ak = log(−s+k /s
−
k ) have steep front and less steep back.

2.4. An example: Free Lagrange waves with orbital Pierson-Moskowitz spectrum

We illustrate the technique on Lagrange waves with Pierson-Moscowitz (PM) orbital
spectrum with Hs = 3.8m and Ts = 6 s truncated at frequency 2 on di�erent constant
depths. We will illustrate the e�ect of varying depth, of forced asymmetry, and of the
inclusion of the Stokes drift.
Figure 2 is based on a 100 second simulation sampled at 10Hz. From the simulation

the time waves with at least one meter front and back amplitudes and maximum height
at least 0.5m were extracted. That resulted in 6 time waves with positive orbit tilt (upper
row) and 9 with negative tilt (lower row). The orbits shown in the right column extends
over the time period from the preceding minimum to the following minimum with blue
circle and red cross indicating beginning and end of orbit. The black dots illustrate the
locations of the particles at the maximum in the wave pro�les in the left column. Observe
that their heights are identical to the wave maxima but that the orbit maximum can occur
before or after the wave maximum was registered.
Figure 3 is based on a simulation of 1 km space wave, sampled at a 0.5 m distance. The

selection procedure delivered 12 positively tilted and 7 negatively tilted space waves.
The patterns in the two �gures are very similar but with one important di�erence: In

time waves the group of orbit start (blue circles) tends to be vertically separated from
the group of orbit ends (red crosses); in space waves the two groups are more levelled.
To verify or revoke this vague observation we make two large simulation studies

generating time and space wave asymmetry � time orbit tilt pairs, with the same selection
criterion on front and back amplitudes and maximum height as in �gure 2. Figure 1 shows
level curves for the two empirical histograms, with level curves enclosing 10, 30, 50, 70,
90, 95% of all data, which consists of 1.2 million time waves and 380 000 space waves.
The conclusion is clear. There is a statistically signi�cant dependence between time

wave front-back asymmetry and the orientation of the involved orbits, as measured by
the orientation of the �best �t� ellipses. Since the orbits are not closed the term �ellipse�
shall not be taken literally but as a proxy for the irregular shape and the orientation of
its greater axis as statistical measure of orbit orientation.
Also for space waves there is a clear dependence for this unidirectional wave model.

For a model with directional orbital spectrum the relations might be di�erent.
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Figure 4. Illustration of tilt/skewness depth dependence transition in time waves from near
deep water h = 17.5m to near shallow water h = 10m. Each �gure is based on about 125 000
individual waves.

2.4.1. In�uence of water depth

A question of some interest is how the tilt/skewness dependence depends on the water
depth. The mean wave length in the example is L = 35m. This means that the depth
20m illustrated in �gure 1 is just above the standard limit for �deep water�. Simulations
with in�nite depth will give almost the same dependence pattern (not shown here).
Figure 4 illustrates the drastic change in dependence that takes place just below the

standard depth limit. The depth h = 17.5m, is just on the limit, and the dependence is
very similar to that at h = 20m. Depth h = 15m starts a transition to shallow behaviour,
that, via h = 12.5m, is completed at h = 10m.
One should have in mind that the distributions are based on a selection of waves with

both front and back amplitudes exceeding one meter. The orbit examples in �gure 2
show why the proxy ellipse orientation is so strongly coupled to the asymmetry. It is a
geometric fact, not related to the stochastic wave model that we use. The change from a
bimodal distribution when h = 17.5m to an almost unimodal when h = 10m is probably
an e�ect of the increase in orbit eccentricity with decreasing depth, which forces the two
modes to collapse.

2.4.2. Lagrange models with forced asymmetry

The tilt/skewness dependence illustrated so far is a statistical measure caused by the
geometric constraints of the waves. The Lagrange model (2.2') with non-negative a-
parameter and frequency dependent phase shift imposes a systematic shift in the particle
orbit distribution.
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Figure 5. Tilt/skewness relation with mild forced asymmetry. Joint pdf of tilt and skewness
based on 120 000 time waves and 140 000 space waves. PM spectrum, h = 20m, a = 0.1.
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Figure 6. Tilt/skewness relation in time waves with mild forced asymmetry. (a) and (c)
Positively and negatively skewed waves, (b) and (d) Slightly tilted orbits. PM spectrum,
h = 20m, a = 0.1.

The a-values used in the examples in (Lindgren & Åberg 2009; Lindgren 2010; Lindgren
& Lindgren 2011) represent large asymmetries in wave shape and strong average tilt.
We choose a small value, a = 0.1, at depth h = 20m, and illustrate the tilt/skewness
distribution in �gure 5. As seen, the orientation of the proxy ellipses have been shifted
towards positive, upward tilt, an e�ect also seen in �gure 6.
There is a remarkable di�erence between the forced tilts in �gures 5 and 6 and the free

orbit tilts in �gures 1 and 2. The forced orbits are more regular and their shapes closer
to elliptic than the free ones. On the other hand, the joint tilt/skewness distributions are
rather similar, only with forced tilts shifted to the right.

2.4.3. In�uence of Stokes drift

We �nally illustrate how the Stokes drift a�ects the estimated tilt/skewness relation.
For the studied spectrum and depth h = 20m the average surface Stokes drift is∫
kωS(ω) dω = 0.2m/s. Figure 7 shows the joint tilt/skewness pdf without and with

that drift added to the horizontal process (2.2). The left plot is similar to �gure 1, right,
but with 74 000 waves and it has two modes for the orbit tilt. Addition of the Stokes drift
makes the orbits look more horizontally elongated, increasing the chance that the proxy
ellipse is identi�ed as nearly horizontal. The remaining very clean dependence between
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Figure 7. Tilt/skewness relation in space waves without and with surface Stokes drift based
on 74 000 waves. PM spectrum, h = 20m, a = 0.

tilt and wave skewness in the right plot is therefore the best illustration of the stochastic
covariation between these two characteristics of wave dynamics.

3. Conclusions

In a simulation study we have illustrated the statistical relation between the front-
back asymmetry of irregular ocean waves in the Gauss-Lagrange wave model based on
a Pierson-Moskowitz orbital spectrum with Hs = 3.8m and Ts = 5 s. The covariation
between the degree of asymmetry of individual waves, as measured by the front-back
skewness, and the estimated tilt of the associated particle orbits have been summarized
in their bivariate probability density function (pdf). The two variables are clearly posi-
tively dependent, both in time waves and in space waves. For the free Lagrange model
there is also a typical shift with water depth, from a bimodal pdf in deep water to a
unimodal pdf in shallow water, in accordance with increasing eccentricity of the orbits.
For a model with forced front-back asymmetry the random dependence is overshadowed
by a deterministic dependence. Inclusion of a Stokes drift accentuates the statistical
dependence by attenuating some of the uncertainty in the tilt estimation.
The observed statistical dependence is a consequence of the wave geometry and not of

the speci�c stochastic wave model used. Experiments, not illustrated in the paper, with
other type spectra and characteristics con�rm this general pattern. A systematic study
of the average forced tilt and the random variation of the orbits around the typical shape
is outside the scope of the present paper. An interesting theme for a future study would
be a comparison with a similar experiment in a physical wave tank.
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