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Abstract 

Causality tests in the Granger’s sense are increasingly applied in empirical research. Since the 

unit root revolution in time-series analysis, several modifications of tests for causality have 

been introduced in the literature. One of the recent developments is the Toda-Yamamoto 

modified Wald (MWALD) test, which is attractive due to its simple application, its absence of 

pre-testing distortions, and its basis on a standard asymptotical distribution irrespective of 

number of unit roots and the cointegrating properties of the data. This study investigates the 

size properties of the MWALD test and finds that in small sample sizes this test has poor size 

properties when using its asymptotical distribution, the chi-square. We suggest making use of 

a bootstrap distribution to lower the size distortions. Our Monte Carlo simulation results show 

that an MWALD test based on a bootstrap distribution has much smaller size distortions 

compared to corresponding cases when the asymptotic distribution is used. These results hold 

for different sample sizes, integration orders, and error term processes (homoscedastic or 

ARCH). 
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1. Introduction 

 

One of the most important and fundamental issues in science is the causal relationship 

between variables of interest. What is meant by causality and how it can be measured is an 

issue that is a focus of debate. In economics, Granger causality (Granger, 1969) is a well-

known concept and one of the most applied methods in applied research. The definition of 

causality in the Granger sense is based on the idea that the past cannot be caused by the 

present or future. Hence, if an event occurs before another event, causality can only occur 

from the first event to the second one. Granger formulated a test statistic to test whether 

movements in one variable systematically precede movements in another variable. 

Granger causality is determined by discovering whether including the past values of a 

variable in the information set can improve the forecast of another variable. In a 

regression context this means running a regression of one variable on the past values of 

itself and the past values of any potentially casual variable, and testing the significance of 

coefficient estimates associated with the potentially causal variable.  

 

The Granger test was originally based on asymptotic distribution theory. However, 

Granger and Newbold (1974) showed through Monte Carlo simulations that if the data 

generating process (DGP) of the variables is characterised by integration (non-

stationarity), the regression analysis based on the asymptotic distribution theory does not 

work well and the estimated results can be spurious. Phillips (1986) provided an analytical 

basis for this assertion. To remedy this problem one can transform the data by 

differencing, but this will result in loss of long run information. Since the development of 

cointegration by Granger (1981), Engle and Granger (1987), and Johansen (1988) (among 

others), the vector error correction model (VECM) has become a useful tool for empirical 

research of integrated variables. Granger causality tests can also be performed by using 

the VECM (Granger, 1988). This procedure, however, requires pretesting for unit roots 

and cointegration, which may not be of interest if the primary objective is to determine 

whether or not there is causality. 

 

Sims et. al. (1990) showed that the asymptotic distribution theory cannot be applied for 

testing causality of integrated variables in level form using the vector autoregressive 

(VAR) model even if the variables cointegrate. Based on augmented VAR modelling, 

Toda and Yamamoto (1995) introduced a Wald test statistic that asymptotically has a chi-
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square distribution irrespective of the order of integration or cointegration properties of 

the variables in the model.1 The test is very simple to apply and it is one of the most 

applied tests for causality between integrated variables in applied research.  

 

The objective of this study is to investigate for finite samples the size properties of the 

Toda-Yamamoto test statistic for Granger causality when the DGP is characterized for 

both variables by integration of the same order (degree zero, one or two) or when it is 

characterized by different integration orders for the two variables. Using Monte Carlo 

simulations, we look at the size properties of this test statistic using the asymptotic chi-

square distribution and investigate whether using a bootstrapped distribution could be a 

better alternative. We also investigate whether the Toda-Yamamoto test statistic is 

sensitive for the presence of autoregressive conditional heteroscedasticity (ARCH). All of 

the simulations are conducted by using GAUSS. 

 

This paper continues as follows. Section 2 defines the Toda-Yamamoto test statistic. The 

simulation design and the bootstrap simulation technique is described in Section 3. The 

simulation results are presented in section 4 and the conclusion is presented in the last 

section. Associated tables are provided at the end of the paper. 

 

 

2. The Toda-Yamamoto Test Statistic 

 

The Toda-Yamamoto procedure is based on a lag(s) augmentation of the VAR model. 

Consider the following VAR(p) process: 

 

tptptt yAyAy εν ++++= −− K11 ,      (1)2 

 

where yt, v, and εt are n-dimensional vectors and Ar is an n×n matrix of parameters for lag 

r. The error vector, εt, is a zero-mean independent, identically distributed process with a 

non-singular covariance matrix Σε  that meets the condition E|εit|2+λ < ∞ for some positive 

λ, where εit is the ith element of εt. Toda and Yamamoto (1995) suggest the following 
                                                 
1 Dolado and Lütkepohl (1996) provided independently a similar procedure as the Toda-Yamamoto Wald test. 
However, Dolado and Lütkepohl dealt with only variables that are integrated of degree one. 
2 For a new approach to choose optimal lag order (p) in the VAR model see Hatemi-J (2003). 
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augmented VAR(p+d) model that can be used for tests of causality between integrated 

variables:   

 

tdptdpptptt yAyAyAy εν ˆˆˆˆˆ 11 ++++++= −−+−− KK ,   (2) 

 

where the circumflex above a variable represents its OLS estimate, a notation that continues 

throughout this paper. The order p of the process is assumed to be known and d is equal to the 

maximum order of integration of the variables. The kth element of yt does not Granger-cause 

the jth element of yt if the following hypothesis is not rejected: 

 

H0: the row j, column k element in Ar equals zero for r  = 1,…, p.                  (3) 

  

It should be noted that the parameters for the extra lag(s), i.e. d, are unrestricted in testing for 

Granger causality. Their function is to guarantee the use of asymptotical distribution theory, 

according to Toda and Yamamoto (1995). Before defining the test statistic introduced by 

Toda-Yamamoto for testing the hypotheses of interest, let us define the following denotations 

for a sample size T: 

 

( ) ( )TnyyY T         ,, = : 1 ×L  matrix, 

( )  )))((1  (    ˆ,,ˆ,,ˆ,ˆ = :ˆ
1 dpnnAAAvD dpp ++×+LL  matrix, 

)( 1  ) )(1(    

1

=  :

1

1 ×++
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 matrix, for t = 1, …,T, 

( ) ( )TdpnZZZ T   ))((1     ,, = : ×++−10 L  matrix, and 

( ) ( )TnT        ˆ,,ˆ = :ˆ
1 ×εεδ L  matrix. 

By using this notation, the estimated VAR(p+d) model including an estimated constant 

term ( v̂ ) can be written compactly as: 

δ̂ + ˆ = ZDY .         (6) 
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We proceed by estimating Uδ̂ , the (n × T) matrix of estimated residuals from the 

unrestricted regression (6). We then calculate the matrix of cross-products of these 

residuals as UUU δδ ˆˆS ′= . Let us define )0,,,,( 1 ndnpAAvvec ×= Lβ and )ˆ(ˆ Dvec=β , 

where vec denotes the column-stacking operator and 0n×nd denotes a zero matrix with n 

rows and n(d) columns. The modified Wald (MWALD) test statistic for testing non-

Granger causality of one variable in yt on another variable in yt, suggested by Toda and 

Yamamoto (1995), can be then written as 

 

( ) ( )( )[ ] ( )ββ ˆˆ 11 CCSZZCCMWALD U

−− ′⊗′
′

= ,     (7) 

 

where ⊗  is the Kronecker product, and C is a p×n(1+n(p+d)) matrix. Each of the p rows of 

C is associated with the restriction to zero of one parameter in β. The elements in each 

row of C take on the value of one if the associated parameter in β is zero under the null 

hypothesis, and they take on the value of zero if there is no such restriction under the null. 

None of the rows in C are associated with restrictions on the last n2(d) elements in β, 

which correspond the 0n×nd matrix noted above. Using this compact notation, the null 

hypothesis of non-Granger causality would be given by 

 

0:0 =βCH .  

 

The MWALD test statistic is asymptotically χ2 distributed with the number of degrees of 

freedom equal to p, the number of restrictions to be tested. 

 

 
3. Monte Carlo Simulation Design and Bootstrapping 

 
In order to check the size properties of MWALD test statistic we make use of the 

following two-dimensional order-two VAR model: 

 
tttt ByAyy εν +++= −− 21 ,        (8) 
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where yt = (y1t, y2t)′ and yit, i = 1, 2 is a scalar variable. We constrain A and B to be 

diagonal matrixes so that the individual variables depend only on their past values and not 

on the past values of the other variable. Therefore, in the “true” model we have non-

Granger causality for each variable with respect to the other. For each variable yit in yt we 

look at the following formulation: 

 
( )( ) itiitiiii yLbLa εν +=−− 11 ,          for i = 1, 2  (9) 
 
or 

 
( ) ( ) ititiiiiitiiiiiit ybaybay εν +−++= −− 21 ,   for i = 1, 2    (10) 

 
where L signifies the lag operator.  

 

Therefore, the parameter matrixes are defined as 
 









+

+
=

2222

1111

0
0

ba
ba

A   and  







−

−
=

2222

1111

0
0

ba
ba

B . 

 

 
The cases that we investigate are divided into two groups. The first group comprises a 

VAR(1) model when both variables are I(1) (integrated of degree one), both are I(0), or 

there are mixed orders of integration. The second group consists of VAR(2) when both 

variables are I(2), both are I(1), both are I(0), or there are mixed orders of integration. If 

bii = 0, the order of integration for yit is one if |aii| = 1, and it is zero if |aii| < 1. If bii ≠ 0 

then the order of integration for yit is equal to number of times that either |aii| or |bii| is 

equal to one.  

 

For our simulations we draw each error term independently from a standard normal 

distribution. However, the data generating process for many economic time series can be 

described by periods of high volatility. To investigate the sensitivity of tests for causality 

in such cases, we also conduct the simulations when the variance of the error terms can be 

described by the following simple autoregressive conditional heteroscedasticity (ARCH) 

process, as introduced by Engle (1982): 

 

[ ] 2
1

2
1( −+×= itiiitit w εγαε  ,     i  = 1, 2 (11) 
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where αi and γ i are constants and wit signifies a standard normal variable. Under such a 

situation, the conditional mean and conditional variance of εit are respectively 

 

[ ] ,0| 1 =−ititE εε          (12) 

[ ] [ ] [ ] [ ] 2
1

2
1

2
1

2
1 || −−−− +=+×== itiiitiiititititit wEEVar εγαεγαεεεε .  (13) 

 

Consequently, εit is heteroscedastic conditional on εit-1. The unconditional variance of εit is  

 

[ ] [ ][ ] [ ] [ ]1
2

11| −−− +=+== itiiitiiititit VarEVarEVar εγαεγαεεε ,   (14) 

 

but if the error terms are generated through a process that is variance stationarity (which 

holds given our DGP for the error terms), then we have a constant unconditional variance:  

 

[ ] [ ]
i

i
itit VarVar

γ
αεε
−

== − 11  .      (15) 

 

We set  

 

( )ii γα −= 1 .         (16) 

 

By doing this we make sure that the unconditional variance of εit is also one in the ARCH 

case, the same as the error variance as in the homoscedastic case, making comparison 

more transparent.   

 

Combining the last equation with (13) leads to 

 

[ ] 2
11 )1(| −− +−= itiiititVar εγγεε ,      (17) 

 

a formula which is used directly in our simulations for including ARCH effects.  
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We generate 100 presample observations in order to cancel the effect of start-up values. 

Some of these presample observations are used as the lagged value for the first p+d 

observations so we have the same number of observations in estimating the VAR model 

irrespective of the number of lags. For comparability and parsimonious use of the random 

number generator from a N(0,1) distribution, the random number draw is initially the 

same for homoscedastic and ARCH versions with the ARCH version subsequently 

multiplying draws by an appropriate time varying number to modify the variable . 

 

Each time we generate a set of simulated observations, we calculate the MWALD test 

statistic to test the hypothesis that y2t does not Granger cause y1t. We determine whether 

the hypothesis would be rejected at the α-level (α = 1%, 5%, or 10%) based upon (i) the 

asymptotic distribution noted by Toda and Yamamoto and (ii) a bootstrapped distribution. 

We consider the bootstrapped distribution because using the asymptotic distribution may 

lead to the test not having the correct size in finite samples, and inference based on it 

could be misleading. The bootstrap method, developed by Efron (1979), is based on 

resampling the data to estimate the distribution of a test statistic. Using this distribution 

may reduce bias in inference by providing more reliable critical values.  

 

For the bootstrap simulations we first estimate regression (1) through OLS with the 

restriction for the null hypothesis of no Granger causality on one of the included 

equations. For each bootstrap simulation we generate the simulated data, *ty , t = 1, . . ., 

T , based on the coefficient estimates from this regression, pAA ~,,~
1 L ; the original yt-1, . . .,  

yt-p data; and *~
tε , the bootstrapped residuals. These residuals are based on T random 

draws with replacement from the regression’s modified residuals (to be defined shortly), 

each with probability mass 1/T. The mean of the resulting set of drawn modified residuals 

is subtracted from each of the modified residuals in that set, resulting in the set of 

bootstrapped residuals used to generate *ty . The subtraction of the mean is done to 

guarantee the mean of the bootstrapped residuals is zero. 

 

The modified residuals are the regression’s raw residuals modified to have constant 

variance, through the use of leverages, as noted in Davison and Hinkley (1999). This 

seems to be important in our case because we allow the model to have conditional 

heteroscedasticity in some of our simulations. To be explicit about our modification, we 
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need to introduce some more notations. Let ),,( 1 LTLL yyY −−− = L  and let LiY −, , i = 1 or 2, 

be the ith row of LY− , i.e. it is a row vector of the lag L values for variable yit, t = 1, . . ., T. 

Let also ),,( 1
′′= −− pYYX L  and ),,( ,1,

′′= −− piii YYX L . For the equation that determines 

y1t, the explanatory variable matrix for the regression is X1; this equation is restricted to 

have no Granger causality. For the equation that determines y2t, the explanatory variable 

matrix for the regression is X; this equation allows all lags of both variables to be 

included. The T×1 leverages vectors for y1t, and y2t, t =1 , . . . , T  are respectively defined 

as  

 








 ′




 ′=

−

1

1

1111 diag XXXXh , and 

( ) 





 ′′=

−
XXXXh

1

2 diag . 

 

Let hit be the tth element of hi, and let itε~  be the raw residual from the regression for yit, i 

= 1, 2. The modified residual for yit is defined as 

 

it

itm
it h−

=
1

~
~ εε . 

 

By performing the bootstrap simulation 800 times and subsequently producing the MWALD 

test statistic each time, we can produce an approximate distribution for the MWALD test 

statistic. After these 800 estimations we find the (α)th upper quantile of the distribution of 

bootstrapped MWALD statistics and obtain the α-level “bootstrap critical values” ( *
αc ). With 

the MWALD statistic calculated from the original simulated data (not the bootstrapped 

simulated data), we reject the null hypothesis based on bootstrapping if the actual MWALD is 

greater than *
αc .   

 

4. Case Specifications and Results 

 

For our simulations the cases that are considered comprise of all variables being I(1), I(2), 

or a combination of I(0), I(1), and I(2). Two different sample sizes are considered (T = 40, 
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and T = 100) and two different error-generating processes are considered (homoscedastic 

and ARCH). We will refer to these four combinations of sample sizes and error generating 

processes as scenarios. The size properties of the test are investigated for the significance 

levels 1%, 5% and 10% respectively. Many combinations of the parameters in the 

underlying model are used to make the results more representative. We choose parameters 

for our simulations from combinations arising from the following sets: 

 

{ }
{ }
{ }
{ } ,0.14.00.02.00.1

,0.14.00.02.00.1
,0.18.0  6.00.1
,0.14.0  2.00.1

22

11

22

11

−−=
−−=
−−=
−−=

b
b
a
a

 

 

where aii and bii, i = 1, 2, are the parameters given in equation (10). The chosen value for 

γ i (from equation 17) for each equation is 0 in our homoscedastic cases and 0.5 in our 

ARCH cases. For each parameter combination we perform 1000 simulations for a given 

scenario. Each of those 1000 simulations has an associated 800 bootstrap simulations. 

 

The simulation results are presented in Tables 1-4. These tables are organized in the 

columns according to eleven categories based on three characteristics: (i) the order of the 

VAR model indicated by the population parameters, (ii) the degree of integration 

indicated by the population parameters, and (iii) the number of extra lags used. For the 

VAR(1) model there are 16 parameter combinations, 4 of which have both variables as 

I(1), another 4 of which have both variables as I(0), and 8 of which have one variable as 

I(0) and the other as I(1). For these three situations we look at the size properties when 

one extra lag is used to calculate the MWALD statistic. For the VAR(2) model there are 

384 parameter combinations, 16 of which have both variables as I(2), 96 of which have 

both variables as I(1), 32 of which have both variables as I(0), and 240 of which have 

integration orders I(0), I(1), or I(2) which are different (mixed) for the two variables. For 

these four situations we look at the size properties when one extra lag is used and when 

two extra lags are used, leaving us with eight more categories based on VAR order, 

integration order, and extra lags, in addition to the three situations noted with VAR(1), so 

we are considering eleven categories overall.  
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Three of the categories have the number of extra lags matching exactly the degree of 

integration for both variables (VAR(1), both I(1), one extra lag; VAR(2), both I(1), one 

extra lag; and VAR(2), both I(2), two extra lags). Four of the categories have the number 

of extra lags greater than the degree of integration for both variables (VAR(1), both I(0), 

one extra lag; VAR(2), both I(0), one extra lag; VAR(2), both I(1), two extra lags; and 

VAR(2), both I(0), two extra lags). One category has the number of extra lags less than 

the degree of integration (VAR(2), both I(2), one extra lag). The other three categories 

have mixed integration orders.   

 

For each of these eleven categories we consider size properties for three different nominal 

sizes, 1%, 5%, and 10%. We will refer to each category and nominal size combination as 

a case. With three nominal sizes and eleven categories, there are 33 cases considered on 

each table. Each table deals with a different scenario on sample size (40 or 100) and error 

variance (homoscedasticity or ARCH with γi = 0.5). 

 

In these tables we have three ways of looking at the size performance of the MWALD test 

using its asymptotic distribution (χ2) and using a bootstrapped distribution. First we look 

at the percent rejecting the null hypothesis of no Granger causality over all the simulations 

for all the parameter combinations in the category (1000 × the number of parameter 

combinations in the category). Second, we look at the mean absolute deviation of the 

empirical (simulation-based) size from the nominal size over all the simulations for all the 

parameter combinations in the category. Third, we look at the percent of parameter 

combinations within the category for which the performance using one distribution 

(bootstrap or χ2) is better than that of using the other. By “better” we mean a lower mean 

absolute deviation of the empirical size from the nominal size over the 1000 simulations 

for a particular parameter combination. We provide shading on the tables to indicate 

which distribution—asymptotic or bootstrapped—is performing relatively best in each 

case for each of the three ways of considering size performance.  

 

Based on these results we can see that the test statistic tends to over-reject the null 

hypothesis in almost all cases in all scenarios using the asymptotic distribution. However, 

when the bootstrap distribution is used, the performance of the test improves in almost all 

cases in all scenarios when looking at the percent rejecting the null hypothesis. In many 
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cases the bootstrapped version of the test is very close to the correct size. In some cases 

there is some notable size distortion when the bootstrap distribution is used, but the size 

distortion of a bootstrap p-value for the causality test is much smaller than that of a 

corresponding asymptotic p-value using the chi-square distribution. When considering the 

mean absolute deviation, the bootstrap distribution indicates better (lower) values in 

almost all cases in all scenarios. When considering the percent of parameter combinations 

in which either distribution is better, bootstrapping again is indicated to be superior to 

using the chi-square distribution, with a few exceptions in the VAR(1) categories.   

 

For example, let us consider the category in Table 1 (sample size of 40 without ARCH) of 

two variables that are I(1) following a VAR(2) process with one extra lag and focus on the 

success of using the bootstrap distribution rather than the chi-square distribution at the 5% 

significance level. The simulated actual size of the MWALD test is 7.8% if the χ2 

distribution is used. However, the simulated actual size is 5.5% if the bootstrap 

distribution is used. This implies that using the bootstrap distribution improves the size 

properties by 2.3 percentage points in this particular case.  The mean absolute deviation of 

the simulated actual size from the nominal size in this case is 2.9 percentage points using 

the χ2 distribution and it is 0.8 percentage points using the bootstrap distribution. Also for 

this case, in 89.6% of the parameter combinations there is a lower mean absolute 

deviation using bootstrapping and in 10.4% of the parameter combinations there is a lower 

mean absolute deviation using the chi-square distribution. 

 

Another interesting piece of information that we obtain from the simulations is that having 

more extra lags than the integration order results in less size distortion than having less 

extra lags than the integration order. As an example let us consider two categories in 

Table 1, VAR(2) with both variables being I(2) with one extra lag, and VAR(2) with both 

variables being I(1) with two extra lags. In the first case, where the integration order is 

higher than the number of extra lags, at the 5% nominal significance level the actual size 

using the χ2 distribution is 15.4% and it is 7.2% using the bootstrap distribution. In the 

second case, however, where the integration order is lower than the number of extra lags, 

at the 5% nominal significance level the actual size using the χ2 distribution is 7.4% and it 

is 5.4% using the bootstrap distribution. 

 



 13

Unsurprisingly, a comparison of Table 2 with Table 1, and Table 4 with Table 3, indicates 

that the MWALD test using the asymptotic distribution has better size properties for larger 

sample sizes in the vast majority of cases. This improving effect of larger sample size is 

not generally apparent when using the bootstrap distribution. Notable also is that the size 

properties worsen with the larger sample sizes in the category of VAR(2)/Both I(2)/one 

extra lag–the only category with the number of extra lags less than the degree of 

integration–regardless of whether we are using the asymptotic distribution or the 

bootstrapped one and regardless of which nominal size we considering.  

 

Another result obtained from the simulations (comparing Tables 3 and 4 with Tables 1 

and 2 respectively on the percent rejecting the null hypothesis) is that the existence of 

ARCH effects renders greater size distortions in all cases when the χ2 distribution is used 

with a sample size of 40, and in most cases when the χ2 distribution is used with a sample 

size of 100. Likewise, with either sample size, the existence of ARCH effects results in 

greater size distortions when the bootstrap distribution is used in most cases, but not as 

commonly as when the χ2 distribution is used. 

  

5. Conclusion 

 

When the primary objective of an empirical investigation is to explore causality in the 

Granger sense between integrated variables, the Toda-Yamamoto modified Wald test 

might be an appealing alternative. This procedure, in which an empirical VAR model is 

estimated with additional lag(s) (the number of which is equal to the integration order of 

the variables), ensures that the χ2 distribution with the degrees of freedom equal to the 

number of restrictions for non-Granger causality is the appropriate asymptotic distribution 

for testing. However, our simulations show that the asymptotic distribution can be a poor 

approximation, especially for the small samples that are common in empirical studies. To 

improve on the size properties of the modified Wald test we look at the properties of this 

test based on empirical distributions generated through bootstrap resampling. The results 

show that the bootstrapped empirical size for the modified Wald test is close to the correct 

size in the different cases investigated in this study when the extra lags are greater than or 

equal to the integration order of both variables, and it is generally closer to the correct size 

than the asymptotic distribution empirical size. 
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Our results also indicate that including more extra lags than the integration order of the 

variables does not distort the size notably, but having less extra lags than the integration 

order of the variables results in serious size distortion. This serious size distortion persists 

(although lessened) when the bootstrap distribution is used rather than the asymptotic one, 

and can worsen with larger samples. 

 

Finally, we have found that having an ARCH error process rather than a homoscedastic 

one usually results in greater size distortions, especially when using the asymptotic 

distribution. Nevertheless, increased size distortions due to ARCH still do not appear 

significant when using the bootstrap distribution. 
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Table 1: The size properties of Toda-Yamamoto test statistics, T= 40 without ARCH 

VAR(1) VAR(2) VAR(2) Nominal 

Significance 

Level ↓  

Both 

I(1) 

Both 

I(0) 

Mixed 

 I(d) 

Both 

I(2) 

Both 

I(1) 

Both 

I(0) 

Mixed 

I(d) 

Both 

I(2) 

Both 

I(1) 

Both 

I(0) 

Mixed 

I(d) 

 One extra lag One extra lag Two extra lags 

 % rejecting the null hypothesis using χ2 distribution 

1% 1.40 1.40 1.20 5.50 2.40 1.70 2.70 2.50 2.30 1.90 2.20 

5% 6.30 5.50 5.60 15.40 7.80 6.50 8.50 8.10 7.40 6.50 7.30 

10% 11.80 10.80 11.10 23.50 13.40 11.70 14.40 14.30 13.00 11.90 12.60 

 % rejecting the null hypothesis using bootstrap distribution 

1% 1.10 1.00 0.80 1.50 1.20 1.10 1.20 1.20 1.20 1.00 1.20 

5% 5.40 4.80 4.90 7.20 5.50 5.00 5.60 5.50 5.40 4.80 5.30 

10% 10.60 9.90 10.20 13.90 10.70 10.00 11.00 11.10 10.60 9.70 10.40 

 Mean absolute deviation using χ2 distribution 

1% 0.40 0.40 0.30 4.50 1.40 0.70 1.70 1.50 1.30 0.90 1.20 

5% 1.30 0.90 1.10 10.50 2.90 1.90 3.60 3.60 2.50 1.90 2.30 

10% 1.80 1.00 1.20 1.35 3.40 1.70 4.40 4.30 3.00 1.90 2.60 

 Mean absolute deviation using bootstrap distribution 

1% 0.20 0.10 0.30 0.50 0.40 0.20 0.40 0.30 0.30 0.30 0.30 

5% 0.60 0.70 0.50 2.30 0.80 0.50 0.90 1.60 0.70 0.50 0.70 
10% 0.10 0.80 0.50 3.90 1.10 0.70 1.40 1.30 0.10 0.80 0.90 

 % of parameter combinations in which χ2 distribution is better than bootstrap distribution 

1% 25.00 25.00 37.50 0.00 7.30 15.60 4.20 0.00 4.20 9.40 4.20 

5% 25.00 25.00 75.00 0.00 10.40 9.40 6.70 0.00 5.20 18.80 5.40 

10% 25.00 50.00 50.00 0.00 8.30 21.90 8.70 0.30 7.30 18.80 8.70 

 % of parameter combinations in which bootstrap distribution is better than χ2 distribution 

1% 75.0 75.0 62.50 100.0 92.70 84.40 94.60 100.0 93.80 87.50 94.60 

5% 75.00 75.0 87.50 100.0 89.60 90.60 92.90 100.0 93.80 90.60 93.30 

10% 75.0 50.00 87.50 100.0 91.70 78.10 91.20 100.0 91.70 81.30 92.00 

 Number of parameter combinations 

 4 4 8 16 96 32 240 16 96 32 240 

The shaded areas indicate best relative performance. 
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Table 2: The size properties of Toda-Yamamoto test statistics, T = 100 without ARCH  
VAR(1) VAR(2) VAR(2) Nominal 

Significance 

Level ↓  

Both 

I(1) 

Both 

I(0) 

Mixed 

 I(d) 

Both 

I(2) 

Both 

I(1) 

Both 

I(0) 

Mixed 

I(d) 

Both 

I(2) 

Both 

I(1) 

Both 

I(0) 

Mixed 

I(d) 

 One extra lag One extra lag Two extra lags 

 % rejecting the null hypothesis using χ2 distribution 

1% 1.20 0.90 1.40 6.20 1.40 1.30 1.90 1.40 1.30 1.20 1.40 

5% 5.60 5.10 5.20 16.90 6.10 5.50 7.30 6.50 5.90 5.70 5.70 

10% 11.00 10.70 10.20 25.20 11.40 10.80 13.00 11.70 11.20 10.90 10.90 

 % rejecting the null hypothesis using bootstrap distribution 

1% 1.20 0.80 1.40 2.00 1.10 1.10 1.10 1.20 1.10 1.00 1.10 

5% 5.40 4.70 5.00 8.70 5.30 5.30 5.00 5.60 5.40 5.10 5.20 

10% 10.60 10.50 10.00 15.90 10.40 10.40 10.10 10.90 10.40 10.30 10.20 

 Mean absolute deviation using χ2 distribution 

1% 0.30 0.10 0.40 5.20 0.50 0.30 1.00 0.40 0.40 0.30 0.40 

5% 0.50 0.60 0.70 11.90 1.20 0.60 2.40 1.50 1.10 0.80 0.90 

10% 1.00 1.20 0.80 15.20 1.60 0.90 3.20 1.80 1.40 0.90 0.12 

 Mean absolute deviation using bootstrap distribution 

1% 0.30 0.20 0.40 1.00 0.30 0.20 0.40 0.20 0.40 0.30 0.30 

5% 0.40 0.40 0.70 3.70 0.70 0.40 1.00 0.80 1.10 0.50 0.60 

10% 0.60 1.00 0.70 5.90 1.00 0.60 1.50 1.00 1.00 0.60 0.90 

 % of parameter combinations in which χ2 distribution is better than bootstrap distribution 

1% 25.0 50.0 25.0 0.0 19.8 18.8 22.1 0.0 17.7 40.6 27.5 

5% 50.0 25.0 25.50 0.0 27.1 37.5 25.0 6.3 21.9 28.1 27.9 

10% 0.0 25.0 25.50 0.0 27.1 9.4 26.3 6.3 4.20 18.8 32.5 

 % of parameter combinations in which bootstrap distribution is better than χ2 distribution 

1% 25.0 25.0 25.0 93.8 70.8 59.4 67.1 100.0 70.8 56.3 61.3 

5% 50.0 50.0 37.5 100.0 97.9 56.3 72.9 100.0 71.9 40.6 72.1 

10% 100.0 50.0 75.0 100.0 93.8 62.5 70.4 100.0 69.8 65.6 67.9 

 Number of parameter combinations 

 4 4 8 16 96 32 240 16 96 32 240 

The shaded areas indicate best relative performance. 
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Table 3: The size properties of Toda-Yamamoto test statistics, T = 40 with ARCH  
VAR(1) VAR(2) VAR(2) Nominal 

Significance 

Level ↓  

Both 

I(1) 

Both 

I(0) 

Mixed 

 I(d) 

Both 

I(2) 

Both 

I(1) 

Both 

I(0) 

Mixed 

I(d) 

Both 

I(2) 

Both 

I(1) 

Both 

I(0) 

Mixed 

I(d) 

 One extra lag One extra lag Two extra lags 

 % rejecting the null hypothesis using χ2 distribution 

1% 1.70 1.50 1.30 5.90 2.50 2.10 2.80 2.90 2.40 2.10 2.40 

5% 6.40 5.90 6.10 15.50 7.90 6.90 8.60 8.60 7.50 6.90 7.40 

10% 11.40 11.20 11.30 24.00 13.60 12.00 14.50 14.60 13.10 12.20 12.70 

 % rejecting the null hypothesis using bootstrap distribution 

1% 1.10 1.00 0.80 1.80 1.30 1.20 1.40 1.50 1.30 1.10 1.30 

5% 5.40 5.20 5.20 7.60 5.70 5.30 5.80 6.20 5.50 5.30 5.50 

10% 10.20 10.00 10.20 14.60 10.90 10.20 11.10 11.40 10.10 10.20 10.50 

 Mean absolute deviation using χ2 distribution 

1% 0.70 0.50 0.30 4.90 1.50 1.10 1.08 1.90 1.40 1.10 1.40 

5% 1.30 0.90 1.10 10.50 2.90 1.90 3.60 3.60 2.50 1.90 2.40 

10% 1.50 1.20 1.30 1.40 3.60 2.10 4.50 4.60 3.00 2.20 2.70 

 Mean absolute deviation using bootstrap distribution 

1% 0.30 0.10 0.30 0.90 0.40 0.40 0.40 0.50 0.40 0.20 0.40 

5% 0.70 0.50 0.60 2.60 0.90 0.50 0.10 1.20 0.80 0.60 0.80 
10% 0.90 0.20 0.60 4.60 1.20 0.70 1.50 1.70 0.10 0.70 0.90 

 % of parameter combinations in which χ2 distribution is better than bootstrap distribution 

1% 25.0 0.00 50.0 0.00 2.10 6.30 3.70 0.00 2.10 3.10 1.70 

5% 0.00 0.00 12.50 0.00 2.10 0.00 5.80 0.00 5.20 9.40 3.70 

10% 50.0 0.00 12.50 0.00 6.30 9.40 7.10 6.30 4.20 15.60 7.10 

 % of parameter combinations in which bootstrap distribution is better than χ2 distribution 

1% 75.0 100.0 50.0 100.0 96.9 90.6 95.8 100.0 95.8 90.6 95.8 

5% 100.0 100.0 87.5 100.0 97.9 100.0 94.2 100.0 95.8 100.0 97.1 

10% 50.0 100.0 87.5 100.0 93.8 90.6 92.9 100.0 95.8 84.4 92.5 

 Number of parameter combinations 

 4 4 8 16 96 32 240 16 96 32 240 

The shaded areas indicate best relative performance. 
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Table 4: The size properties of Toda-Yamamoto test statistics, T = 100 with ARCH  
VAR(1) VAR(2) VAR(2) Nominal 

Significance 

Level ↓  

Both 

I(1) 

Both 

I(0) 

Mixed 

 I(d) 

Both 

I(2) 

Both 

I(1) 

Both 

I(0) 

Mixed 

I(d) 

Both 

I(2) 

Both 

I(1) 

Both 

I(0) 

Mixed 

I(d) 

 One extra lag One extra lag Two extra lags 

 % rejecting the null hypothesis using χ2 distribution 

1% 1.40 1.20 1.40 6.50 1.60 1.40 2.10 1.60 1.50 1.40 1.50 

5% 5.50 5.10 5.10 16.90 6.30 5.80 7.40 6.70 6.00 5.80 5.90 

10% 10.50 10.20 11.10 25.50 11.60 10.80 13.00 12.00 11.20 10.80 11.00 

 % rejecting the null hypothesis using bootstrap distribution 

1% 1.30 1.10 1.30 2.30 1.30 1.20 1.30 1.20 1.30 1.20 1.30 

5% 5.30 4.90 5.00 9.10 5.50 5.30 5.70 5.80 5.40 5.20 5.30 

10% 10.30 10.00 9.80 15.90 10.50 10.10 11.00 11.10 10.50 10.30 10.30 

 Mean absolute deviation using χ2 distribution 

1% 0.40 0.20 0.50 5.50 0.70 0.40 1.10 0.60 0.50 0.50 0.50 

5% 0.50 0.50 0.40 11.90 1.70 0.90 2.50 1.70 1.10 0.90 0.10 

10% 0.50 0.50 0.60 15.50 1.30 0.80 3.20 2.00 1.30 1.10 1.20 

 Mean absolute deviation using bootstrap distribution 

1% 0.40 0.10 0.30 1.30 0.40 0.30 0.40 0.40 0.40 0.30 0.30 

5% 0.30 0.40 0.40 4.10 0.80 0.60 1.10 1.00 0.70 0.60 0.60 
10% 0.40 0.60 0.60 6.10 1.10 0.60 1.50 1.70 0.10 0.70 0.90 

 % of parameter combinations in which χ2 distribution is better than bootstrap distribution 

1% 25.00 0.00 25.0 0.00 5.20 18.80 15.40 12.50 22.90 18.80 15.40 

5% 25.00 25.0 37.50 0.00 25.00 21.90 19.60 6.30 19.80 21.90 18.80 

10% 25.00 50.00 62.50 12.50 21.90 31.30 25.40 0.00 27.10 21.90 27.90 

 % of parameter combinations in which bootstrap distribution is better than χ2 distribution 

1% 0.00 75.0 75.0 100.0 80.2 65.6 79.9 93.8 74.0 71.9 70.4 

5% 75.0 25.0 50.0 100.0 75.0 71.9 79.9 100.0 76.0 62.5 74.6 

10% 50.0 25.0 25.0 100.0 77.1 65.6 73.8 87.5 74.0 59.4 69.6 

 Number of parameter combinations 

 4 4 8 16 96 32 240 16 96 32 240 

The shaded areas indicate best relative performance. 
 


